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v* . Abstract 

We have recently presented a general scheme enabling quantum modeling of different types of situations 
that violate Bell's inequalities. In this paper, we specify this scheme for a combination of two concepts. 
We work out a quantum Hilbert space model where 'entangled measurements' occur in addition to 
the expected 'entanglement between the component concepts', or 'state entanglement'. We extend this 
result to a macroscopic physical entity, the 'connected vessels of water', which maximally violates Bell's 
^>j \ inequalities. We enlighten the structural and conceptual analogies between the cognitive and physical 

situations which are both examples of a nonlocal non-marginal box modeling in our general framework. 

Keywords: Quantum cognition, vessels of water, Bell's inequalities, entanglement 

1 Introduction 

^H \ 

There is increasing evidence for the hypothesis that quantum structures are systematically present in 
•^- domains other than the micro-world described by quantum physics. Cognitive science, economics, biology, 
computer science - they all entail situations that can be modeled more faithfully by quantum theory than by 
approaches rooted in classical theories such as classical probability [IJISIEIIIIEIISIEIEIIHI EH [HI HI E2J Q3] . 
Our inspiration to identify quantum structures in domains different from the micro-world originally arose 
when we were investigating the structures of classical and quantum probability, more specifically, when 
we were analyzing the question of whether classical probability can reproduce the predictions of quantum 
theory [151I16J. Understanding the structural difference between classical and quantum probability led us 
firstly to identify situations in the macroscopic world entailing aspects that are usually attributed only 
to microscopic quantum systems, such as 'contextuality', 'emergence', 'entanglement, 'interference' and 
'superposition' [171 dU [THJ, EU1 [21]. Later, we extended our search to the realm of human cognition, the 
structure of human decision processes and the way in which the human mind handles concepts, their 
dynamics and combinations [H El [22], [23] . 

The presence of entanglement in microscopic quantum particles is revealed by a violation of Bell-type 
inequalities [26, 27J. Such a violation also implies that the corresponding correlation measurements contain 
correlations that cannot be modeled in a classical Kolmogorovian probability structure [151 EH1 EH] , which 
led to the widespread belief that such correlations only appear in the micro-world. Many years ago, we 
already showed that Bell's inequalities can be violated by macroscopic physical systems, e.g., two connected 
vessels of water [171 [181 (121 123 EI] • Little attention was paid to this result at that time, however, because 
most quantum foundations physicists were convinced that it was impossible to violate Bell's inequalities in 
situations pertaining to domains different from the micro-world. Now that quantum interaction research 
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is flourishing, it is valuable to reconsider some of these examples, also because we have recently found that 
it is possible to build Hilbert space models for them, something we did not look into at the time. The fact 
that it is possible to explicitly construct complex Hilbert space models for these situations became clear 
to us when we were struggling to quantum-model the experimental correlation experiments we performed 
on a conceptual combination The Animal Acts. The Hilbert space modeling of our cognitive correlation 
data produced a range of new insights. After we had identified the entanglement between the component 
concepts [13j [23], the elaboration of a Hilbert space representation unexpectedly revealed to us that 
the 'conceptual entanglement' we had detected was only partly due to the component concepts, or 'state 
entanglement', because it was also caused by 'entangled measurements' p3]. In turn, this discovery of the 
presence of entangled measurements shed unexpectedly new light on traditional in-depth studies of aspects 
of entanglement, such as the possible violation of the marginal distribution law. 

We have since developed a general quantum modeling scheme for the structural description of the 
entanglement present in different types of situations violating Bell's inequalities |25j. In this perspective, 
situations are possible in which only states are entangled and measurements are products ('customary 
entanglement in the quantum micro-world'), but also situations in which both states and measurements 
are entangled ('nonlocal box situation', 'nonlocal non-marginal box situation'). In the present paper, after 
briefly resuming our empirical results on The Animal Acts (Sec. I2.ip . we provide a synthetized and improved 
version of our quantum-theoretic modeling for this conceptual entity (Sec. 12.21) . We then build a quantum 
model in complex Hilbert space for the entity 'vessels of water' (Sees. [3]and[3]). We also study the conceptual 
and structural connections between these two situations in the light of our classification in Ref. |25| . The 
two cases we consider here are paradigmatic of 'nonlocal non-marginal box situations', that is, experimental 
situations in which (i) joint probabilities do not factorize, (ii) Bell's inequalities are violated, and (iii) the 
marginal distribution law does not hold. Whenever these conditions are simultaneously satisfied, a form of 
entanglement appears which is stronger than the 'customarily identified quantum entanglement in the states 
of microscopic entities'. In these cases, it is not possible to work out a quantum- mechanical representation 
in C 2 (g>C 2 which satisfies empirical data and where only the initial state is entangled while the measurements 
are products. It follows that 'entanglement is a relational property of states and measurements'. If a single 
measurement is considered, one can distribute the entanglement between state and measurement, but if 
more measurements are performed, the marginal distribution law imposes drastic limits on how to supply 
such a distribution [25] . This is explicitly shown by constructing an alternative C 4 modeling for the original 
vessels of water example (Sec. [5]). 

2 The Animal Acts and its quantum representation 

We have recently performed a cognitive test on the combination of concepts The Animal Acts which revealed 
entanglement between the component concepts Animal and Acts [131 [T4l 123] . We have also worked out a 
quantum representation in the tensor product Hilbert space C 2 (g>C 2 which fits the collected data and shows 
a 'stronger form of entanglement' involving not only entangled states but also entangled measurements j24j . 
In the following, we present these results in the light of the general perspective in Ref. 



2.1 Description of the cognitive test 

We consider the sentence The Animal Acts and regard it as a combination of the concepts Animal and 
Acts. Then, we consider the pairs of exemplars, or states, {Horse, Bear) and {Tiger, Cat) for Animal, and 
the pairs of exemplars, or states, {Growls, Whinnies) and {Snorts, Meows) for Acts. 

Let us introduce the coincidence experiments AB, A'B, AB' and A'B' for the concept combination The 
Animal Acts. In all experiments, we ask subjects to answer the question whether the given statement 'is 



a good example of the concept The Animal Acts. In experiment AB, participants choose among the four 
possibilities (1) The Horse Growls, (2) The Bear Whinnies - we put Xhg = Xbw = +1 i n this case - and 
(3) The Horse Whinnies, (4) The Bear Growls - we put Xhw = ^bg = — 1 in this case. In experiment 
A'B, they choose among (1) The Tiger Growls, (2) The Cat Whinnies - we put Xtg = Xcw = +1 m 
this case - and (3) The Tiger Whinnies, (4) The Cat Growls - we put \tw = ^CG = — 1 in this case. In 
experiment AB', they choose among (1) The Horse Snorts, (2) The Bear Meows- we put Xhs = Xbm = +1 
in this case - and (3) The Horse Meows, (4) The Bear Snorts - we put Xjjm = Xbs = — 1 in this case. 
Finally, in experiment A'B', participants choose among (1) The Tiger Snorts, (2) The Cat Meows - we put 
Xts = Xcm = +1 in this case - and (3) The Tiger Meows, (4) The Cat Snorts - we put Xtm = Xcs = — 1 
in this case. 

We now evaluate the expectation values E(A',B'), E{A',B), E(A,B') and E{A,B) associated with 
the coincidence experiments A'B' , A'B, AB' and AB, respectively, and substitute these values into the 
Clauser-Horne-Shimony-Holt (CHSH) version of Bell's inequality [27J 

- 2 < E(A', B') + E(A', B) + E(A, B') - E(A, B) < 2 (1) 

If Eq. (pQ) is violated, a classical Kolmogorovian probabilistic description of the data is not possible 
|15t l28l 129] . In analogy with the quantum violation of the CHSH inequality, we call the phenomenon 
'cognitive entanglement' between the given concepts. 

We actually performed a test involving 81 subjects who were presented with a form to be filled out in 
which they were asked to choose among the above alternatives in experiments AB, A'B, AB' and A'B' . If 
we denote by p(HG), p(BW), p(HW), p(BG), the probability that The Horse Growls, The Bear Whinnies, 
The Horse Whinnies, The Bear Growls, respectively, is chosen in the coincidence experiment AB, and so 
on in the other experiments, these probabilities are p(HG) = 0.049, p(HW) = 0.630, p{BG) = 0.259, 
p(BW) = 0.062 in experiment AB, p(HS) = 0.593, p(HM) = 0.025, p(BS) = 0.296, p(BM) = 0.086 in 
experiment AB', p(TG) = 0.778, p(TW) = 0.086, p(CG) = 0.086, p(CW) = 0.049 in experiment A'B, 
p(TS) = 0.148, p(TM) = 0.086, p{CS) = 0.099, p{CM) = 0.667 in experiment A'B'. Therefore, the 
expectation values are 



E(A,B) = 


p{HG) + p{BW) 


-p(BG) 


-p{HW) = -0.7778 


E(A,B') = 


p{HS)+p{BM)- 


-p(BS)- 


- p{HM) = 0.3580 


E(A',B) = 


p{TG)+p{CW)- 


-p(CG)- 


- p(TW) = 0.6543 


E(A',B') = 


p{TS)+p{CM)- 


-p(CS)- 


■p(TM) = 0.6296 



Hence, Eq. CD) gives E(A',B') + E(A',B) + E(A,B') - E(A,B) = 2.4197, which is significantly greater 
than 2. This violation is close to Tsirelson's bound [30J, the maximal quantum violation of 2V2, in case 
only product measurements are considered, so that it does reveal there is a genuine structural entanglement 
between Animal and Acts. 

2.2 A quantum representation in complex Hilbert space 

Let us now construct a quantum representation in complex Hilbert space for the collected data by starting 
from an operational description of the conceptual entity The Animal Acts. The entity The Animal Acts is 
abstractly described by an initial state p. Experiment AB is associated with the measurement enBGW- It 
has four outcomes Xhg, Xhw, Xbg and Xbw, and four final states phg, Phw, Pbg and pbw- Experiment 
AB' is associated with the measurement enBSM- It has four outcomes Xhs, Xhm, Xbs and Xbm , and four 
final states phs, Phm, Pbs and pbm- Experiment A'B is associated with the measurement eTCGW- It 
has four outcomes Xtg, Xtw, Xqg and Xcw, and four final states ptg, Ptw, Pcg and pew- Experiment 



A'B' is associated with the measurement excsu- It has four outcomes \ts, ^tm, ^cs and ^cm, and four 
final states pts-, Pcm-, Pts and pcm- Then, we consider the Hilbert space C 4 as the state space of The 
Animal Acts and represent the state p by the unit vector \p) G C 4 . We assume that {\phg)i \phw)i \pbg)-> 
\pbw)}, {\phs),\phm),\pbs)Apbm)}, {\ptg), \ptw), \pcg), \pcw)}, {\pts),\ptm),\pcs},\pcm}} are or- 
thonormal (ON) bases of C 4 . Therefore, \{phg\^)? =p(HG), \{phw\^)? =p(HW), \{pbg\^)? =p(BG), 
UpbivI^I 2 = p(BW), in the measurement &hbgw ■ We proceed analogously for the other probabilities. 
Hence, the self-adjoint operators 

ShBGW = ^Hg\PHg)(PHg\ + ^HW\PHW)(PHW\ + ^Bg\PBg)(PBg\ + ^BW\PBW)(PBW\ (2) 

Shbsm = ^hs\phs)(phs\+ ^hm\phm)(phm\+ ^bs\pbs) (pbs\ + ^bm\pbm)(pbm\ (3) 

£tcgw = ^tg\ptg) {ptg\ + >^tw\ptw) {ptw\ + ^cg\pcg) (pcg\ + ^cw\pcw) {pew I (4) 

Stcsm = ^ts\pts)(pts\+ ^tm\ptm)(ptm\+ ^cs\pcs) (pcs\ + >»cm\pcm)(pcm\ (5) 

represent the measurements &HBGW-, chbsm, e-TCGW and &tcsm in C 4 , respectively. 

Let now the state p of The Animal Acts be the entangled state represented by the unit vector \p) = 
|0.23e il3 - 93 °,0.62e il6 - 72O ,0.75e i9 - 69O ,0e il9415 °) in the canonical basis of C 4 . This choice is not arbitrary, but 
deliberately 'as close as possible to a situation of only product measurements', as we explain in [231 [25] . 
Moreover, we choose the outcomes Xhg-, ■ ■ ■ > ^cm to be ±1, as in Sec. 12.11 In this case, we have proved 
in Ref. El that 



£hbgw 



£hbsm 



£tcgw 



Stcsm 



0.952 

-0.207 + 0.030i 

0.224 - 0.007i 

0.003 + 0.006i 

/ -0.001 

0.587 -0.397i 
0.555 -0.434i 

V 0.035 -0.0259i 

/ -0.587 
0.568 - 0.353i 
0.274-0.365i 

\ 0,002-0.004i 

/ 0.854 

0.385 - 0.243i 

-0.035 + 0.164i 

V -0.115 + 0.146i 



-0.207 -0.030i 

-0.930 

0.028 + 0.00H 

-0.163 -0.25H 

0.587 + 0.397i 

-0.489 
0.497 -0.034H 
-0.106 + 0.005i 

0.568 + 0.353i 

0.090 
0.681 - 0.263i 
-0, 110 + 0.007i 

0.385 + 0.243i 

-0.700 
0.483 - 0.132z 



0.224 + 0.007i 
0.028 -0.00H 

-0.916 
-0.193 -0.266i 

0.555 + 0.434i 
0.497 + 0.034H 

-0.503 
0.045 + 0.001i 

0.274 + 0.365i 
0.681 + 0.263i 

-0.484 
0.150 + 0.050i 

-0.035 -0.164i 

0.483 + 0.132i 

0.542 



0.003 -0.006i 

-0.163 + 0.25H 

-0.193 + 0.266i 

0.895 

0.035 + 0.0259i 

-0.106 -0.005« 

0.045 - O.OOli 

0.992 

0.002 + 0.004i 

-0,110-0.007i 

0.150 -0.050i 

0.981 

-0.115 -0.146i 

-0.086 + 0.212i 

0.093 + 0.647i 



-0.086 -0.212i 0.093 - 0.647i 



-0.697 



(6) 



(7) 



(8) 



(9) 



Our quantum-theoretic modeling in the Hilbert space C 4 of our cognitive test is completed. By recalling 
the following canonical isomorphisms, C 4 = C 2 (g> C 2 and L(C 4 ) = L(C 2 ) (g) L(C 2 ), and the definitions 
of entangled states and measurements in Refs. [24j ES], it can be proved that all measurements ensGW-, 
&HBSM-, e-TCGW and excsM are entangled with this choice of the entangled state. Moreover, the marginal 
distribution law is violated by all measurements, e.g., p{HG) + p{H W) ^ p{HS) + p{HM). Since we 
are under Tsirelson's bound, this modeling is an example of a 'nonlocal non- marginal box modeling 1', 
following the classification we have proposed in Ref. 



3 The vessels of water entity 

We have seen in Sec. [2] that there are unexpected connections between how a sentient human being 
connects conceptual entities through meaning in cognitive tests and how microscopic quantum entities are 



connected in entangled states in space-like separated spin experiments. Both kinds of entities violate Bell's 
inequalities and present entanglement. In this section, we consider a macroscopic entity, namely, 'two 
vessels of water connected by a tube', which behaves in an analogous way. We believe that the 'connected 
vessels of water example' still is a very good example because it provides an intuitive insight into 'what 
entanglement is about', i.e. what conditions are necessary and sufficient for entanglement to manifest itself 
in reality, irrespective of whether it is physical or cognitive reality. We came upon this example many years 
ago, when we were demonstrating how Bell's inequalities can be violated by ordinary macroscopic material 
entities by different examples [T71 [181 021 [201 [21], an d we will discuss it in some detail here. 

We consider two vessels Va and Vb connected by a tube T, containing a total of 20 liters of transparent 
water. Coincidence experiments A and B consist in siphons Sa and Sb pouring out water from vessels 
Va and Vb, respectively, and collecting the water in reference vessels Ra and Rb, where the volume of 
collected water is measured. If more than 10 liters are collected for experiments A or B we put E(A) = +1 
or E{B) = +1, respectively, and if fewer than 10 liters are collected for experiments A or B, we put 
E{A) = —1 or E{B) = —1, respectively. We define experiments A' and B' , which consist in taking a small 
spoonful of water out of the left vessel and the right vessel, respectively, and verifying whether the water 
is transparent. We have E(A') = +1 or E(A') = — 1, depending on whether the water in the left vessel 
turns out to be transparent or not, and E(B') = +1 or E(B') = —1, depending on whether the water in 
the right vessel turns out to be transparent or not. We put E(AB) = +1 if E(A) = +1 and E(B) = +1 
or E(A) = -1 and E(B) = -1, and E(AB) = -1 if E(A) = +1 and E(B) = -1 or E(A) = -1 and 
E(B) = +1, if the coincidence experiment AB is performed. We can thus define the expectation value 
E(A,B) for the coincidence experiment AB in a traditional way. Similarly, we put E(A'B) = +1 if 
E(A') = +1 and E(B) = +1 or E(A') = —1 and E{B) = —1 and the coincidence experiment A'B is 
performed. And we have E(AB') = +1 if E(A) = +1 and E(B') = +1 or E(A) = -1 and E(B') = -1 and 
the coincidence experiment AB' is performed, and further E(A'B') = +1 if E(A') = +1 and E(B') = +1 or 
E(A') = — 1 and E(B') = — 1 and the coincidence experiment A'B' is performed. Hence, we can define the 
expectation values E(A',B), E(A,B') and E(A',B') corresponding to the coincidence experiments A'B, 
AB' and A'B', respectively. Now, since each vessel contains 10 liters of transparent water, we find that 
these expectation values are E(A,B) = -1, E{A',B) = +1, E{A,B') = +1 and E(A',B') = +1, which 
gives E(A',B') + E(A',B) + E(A,B') - E(A,B) = +4. This is the maximum possible violation of the 
CHSH form of Bell's inequalities. 

There are deep structural and conceptual connections between the cognitive and physical situations 
violating Bell's inequalities. The main reason why these interconnected water vessels can violate Bell's 
inequalities is because the water in the vessels has not yet been subdivided into two volumes before the 
measurement starts. The water in the vessels is only 'potentially' subdivided into volumes whose sum is 
20 liters. It is not until the measurement is actually carried out that one of these potential subdivisions 
actualizes, i.e. one part of the 20 liters is collected in reference vessel Ra and the other part is collected 
in reference vessel Rb- This is very similar to the combination of concepts The Animal Acts in Sec. [2] 
not collapsing into one of the four possibilities The Horse Growls, The Bear Whinnies, The Bear Growls 
or The Bear Whinnies before the coincidence measurement cab starts. It is the coincidence measurement 
itself which makes the combination The Animal Acts collapse into one of these four possibilities. The 
same holds for the interconnected water vessels. The coincidence experiment AB with the siphons is what 
causes the total volume of 20 liters of water to be split into two volumes, and it is this which creates the 
correlation for AB giving rise to E(A,B) = — 1. It can easily be calculated that if we take away the tube 
and suppose that, before the measurement, the water is already subdivided over the two vessels, which 
are now no longer interconnected, although still an anti-correlation would be measured for the coincidence 
experiments between A and B, the perfect correlations between A and B', and between A' and B no longer 
hold, one of them changing into an anti-correlation. This makes that Bell's inequality is no longer violated, 



i.e. E(A',B') + E(A',B) + E(A,B') - E(A,B) = +2 - by the way, this is also true in general when the 
initial state of the vessels of water is a mixture of product states. This proves that the tube, provoking 
the 'potentiality of the anti-correlation for A and B\ is essential for Bell's inequality to be violated. In 
The Animal Acts, it is the presence of 'meaning' in the mind of the choosing person that is necessary to 
provoke a violation of Bell's inequalities. In the vessels of water, it is the presence of 'water' in the two 
connected vessels which is necessary to provoke a violation of Bell's inequalities. 

We will show in the next section that both entangled states and entangled measurements appear also 
in the quantum representation for the 'vessels of water' entity, thus structural connections exist with the 
entity The Animal Acts also in this case. 

4 A quantum representation of the vessels of water 

Let us provide a preliminary description of the experiments with the vessels of water, as in Sec. 12.21 The 
entity 'vessels of water' is abstractly described each time by a state p. Experiment AB is associated with 
the measurement cab- It has four outcomes, Xa 1 b 1 , Xa 1 b 2 , ^A 2 B r and Xa 2 b 2 i and four final states, pa 1 b 1 , 
PA 1 b 2 i Va 2 B\ and pa 2 b 2 - Experiment AB' is associated with the measurement cab 1 ■ It has four outcomes, 
AaiB[, \4 lB ^ \ A zB[ and Xa 2 b' 2 , and four final states, p Al B[, Pa 1 b' 2 , Pa 2 b[ and Pa 2 b' 2 - Experiment A'B 
is associated with the measurement eA'B- It has four outcomes A^/ Bl , \a' B 2 -> ^A' B 1 and \ A > # 2 , and four 
final states pa> b x > Pa' b 2 , Pa 1 Bx an d Pa' b 2 ■ Experiment A'B' is associated with the measurement e^B' ■ It 
has four outcomes Xa' b' , ^a' b' , ^a' b' and Xa' b' > and four final states p A > b' , PA' B' , PA' & and p A ' B' ■ 

To work out a quantum-mechanical model in the Hilbert space C 4 for the vessels of water situation, we 
consider the entangled state p represented by the unit vector \p) = |0, V0.5e ?a , \/0.5e l/3 ,0) as describing the 
vessels of water situation with transparent water, and represent the measurement &ab by the ON (canonical) 
basis \p Al Bj) = |1, 0,0,0), |pAiS 2 ) = |0, 1,0,0) |pa 2 Bi) = |0, 0,1,0), \pa 2 b 2 ) = |0,0,0, 1). This gives indeed 
the correct probabilities in the state p, that is, p(Xa 1 b 1 ) = \(pa 1 b 1 \p)\ 2 = 0, p(Xa 1 b 2 ) = \{pa 1 b 2 \p)\ 2 = 0.5, 
POA 2 £i) = KPAasJp)! 2 = 0.5, p{X A2 B 2 ) = \{PA 2 B 2 \p)? = 0. 

In the coincidence measurement cab'-, w e take the ON basis \pa 1 b' ) = |0, \/0.5e ia , \/0.5e 1 ^, 0), \pa 1 b' ) = 
|0,\/0T5e iQ: ,-\/a5e^,0), \pa 2 b[) = |1, 0,0,0), \pa 2 b' 2 ) = |0, 0,0,1). We have the correct probabilities in 
the state p, that is, p(A AlB /) = \(p Ai b[\p)\ 2 = 1, P&AiB 2 ) = \(Pa 1 b' 2 \p)\ 2 = 0, p(X A2 b[) = \{p a 2 b[\p)\ 2 = 0, 
P(*A 2 B' 2 ) = \(PA 2 B' 2 \P)\ 2 = 0. " " ' _ _ 

In the coincidence measurement &a'Bi w e choose the ON basis \pa' B ± ) = |0, V0.5e lQ , V0.5e 1 ^, 0), 

\Pa[b 2 ) = |1, 0,0,0), \p A ' 2Bl ) = \0,V0^e ia ,-V0^e^,0), \ PA ' 2 b 2 ) = |0, 0,0,1). As expected, we get proba- 
bility 1 for the outcome A^' g in the state p. 

In the coincidence measurement eA'B' , we take the ON basis \pa< b') = 1 0, V0.5e ia , Vo^Ee 1 ^ , 0) , \pa' b' ) = 
|1, 0,0,0), \pa 2 b[) = |0, 0,0,1), \p A ' 2 B' 2 ) = |0, v / 0^5e iQ: ,-\/a5e^,0). As expected, we get probability 1 for 
the outcome A^' %> in the state p. 

Let us now explicitly construct the self-adjoint operators representing the measurements cab-, &ab', 



e A / B and e A 'B' ■ They are respectively given by 



£AB = Eij=l ^AiBjlPAiB^iPAiBj 



Xa iBi 

X AlB , 

X A2Bl 

Xa 2 b 2 



(10) 



£AB> = Ei,i=l A A,b; \VA % B] ) (PAiB'j I 

° \ 

0.5{X AlB{ + X AlBk ) 0.5e^ a -^{X AlBi - X AlB 


Xa 2 b' ) 



( X A2 B[ 



0.5e-*( Q -«(A AlS ; - X AlBk ) 0.5(X AlB{ + X AlB >) 

V 

£A'B = Ei,i=l A A^ \VA\B, ) (jPA'.Bj I 

x A[B2 \_ 

0.5(A^ iBl +A^ Bl ) 0.5e^ a -^(X A[Bl ~X A , 2Bl ) 

0.5e^ a ~^(X A[Bl -X A , 2Bl ) 0.5(X A[Bl + X A ^ Bl ) 

X a > 2 b 2 J 

£a>b> = Ei j=i a a;^ Ipa<bj ) (pajb; I 

A AiB < 

2 0.5(A^ S( + A A ^) O-Se^-^CAxiBj-A^Bj) 

0.5e-*( Q -«(A AiBi -A A ^) 0.5(A^ S( +A^^) 

X A 'i 



(11) 



(12) 



(13) 



The self-adjoint operators corresponding to measuring the expectation values are instead obtained by 
putting X AiB . = \AiB'. = ^Bi = A A^ = +1, » = 1,2 and X AiBj = X AtB ^ = \ A r. B . = \ A ,. B r. = -1, 
i,j = 1,2; i t^ j, as in our experiment in Sec. El If we now insert these values into Eqs. (|10p - (ll3p and 
define the 'Bell operator' as 



B = £ A b' + £a'b + £ab> — £ab 






\ 

2 2e^ a -^ 





2e -J(a-/3) 2 
0/ 



(14) 



its expectation value in the entangled state p is 



( Vole' 



nL5e~ 



(p\B\p) 

( \ / 

2 2e i{a ~^ 

2e- l{ - a -^ 2 

\ o / V 



\ 

/ 05e* a 

> 



(15) 



which gives the same value in the CHSH inequality as in Sec. [3j A completely analogous construction 
can be performed if the entangled state q represented by the unit vector \q) = |0, \/0.5e ta , —y/0.5e 1 ^, 0) is 
chosen to describe the vessels with non-transparent water. 

We add some conclusive remarks that are discussed in detail in Ref. [25]. The measurement e AB is a 
product measurement, since it has the product states represented by the vectors in the canonical basis of 
C 4 as final states. Indeed, e AB 'divides' the water into two separated volumes of water, thus 'destroying' 
entanglement, to arrive at a situation of a product state. The measurements e AB > and e A > B are instead 
entangled measurements, since they have the entangled states represented by |0, \/0.5e ia , y(L5e l " , 0) and 



|0, \/0.5e* a , — \/0.5e 1 ^, 0) as final states. Indeed, since all the water is poured out of the two vessels, the 
water has not been divided, and inside the reference vessel it keeps being a whole, i.e. entangled. If another 
two siphons are put in the reference vessel where all the water has been collected, the same experiment can 
be performed, violating Bell's inequalities. The measurement e^'s' has also entangled states as possible 
final states, hence it is entangled. This measurement leaves the vessels of water unchanged, hence it is 
naturally an entangled measurement. We finally observe that the marginal ditribution law is violated in the 
case of the vessels of water. Indeed, we have, e.g., 0.5 = p(Xa 1 b 1 ) + p{^a±b 2 ) ¥" p(^a 1 b') + p(^a 1 b') = 1- 
By recalling that this vessels of water model violates Bell's inequalities beyond Tsirelson's bound, we can 
say that our C representation is an example of a 'nonlocal non-marginal box modeling 2', if we follow the 
classification in Ref. |25|. 



5 An alternative model for the vessels of water 

In this section, we provide an alternative model in C 4 for the vessels of water situation. This model is 
interesting, in our opinion, because it serves to show that entanglement is a joint state-measurement feature 
which can be distributed between state and measurement. 

In the representation in Sec. HI we have given preference to the first coincidence measurement eAB 
which we have chosen as a product, i.e. we have represented it by the canonical basis of C 4 . This means 
that the entanglement of this 'state-measurement' situation has been completely put into the state. Let 
us identify this entanglement on the level of the probabilities by using Th. 2 in Ref. [25]. We have 
£>(AaiBi) = p(^A 2 B 2 ) = 0, p(Xa 1 b 1 ) = p(^A 2 B 2 ) = 0-5 in both states p and q. Suppose that we search 
numbers a, b, a' , b' G [0, 1] such that p(Xa 1 b 1 ) = a-b, p(\a 1 b 2 ) = a-b' , p(Xa 2 b 1 ) = a' -b and p(^a 2 b 2 ) = a! -b' . 
Then, we get that a = or b = 0. Since a-b' = 0.5, we cannot have that a = 0, and hence 6 = 0. But then 
a' ■ b cannot be equal to 0.5. This entails that the probabilities do not compose into a product, hence there 
is entanglement in the considered 'state-measurement' situation, this entanglement being 'a joint property 
of state and measurement', and not of one apart. 

Let us now consider the probabilities of the measurement eAB'- We have p(Xa 1 b') = L p(Xa 1 b') = 
p(Xa 2 b') = p(^a 2 b') = in the state p. We can again look for numbers a,b,a',b' € [0,1] such that 
p(Xa 1 b') = a ■ b, p(XaiB') = o, • V, p(Xa 2 b') = a! • b and p(^a 2 b') = a ' ' b' ■ We find the solution 
a! = b' = 0, and a = b = 1, which is unique. Indeed, from a ■ b = 1 follows that a ^ and b ^ 0, and 
hence from a ■ b' = and a' ■ b = follows then a' = b' = 0. This implies that we could model this 
'state- measurement' situation by a product state and a product measurement. Let us do this explicitly in 
C 4 . If this time we represent the state p' with transparent water by the unit vector \p'} = 1 1, 0, 0, 0) , and the 
measurement eAB' in the canonical basis, we get the wanted result. This also implies that we have single 
probabilities p{\a x ), p{^a 2 ), p(^b[) and p(\ B > 2 ) such that p(AaJ = p{\a 2 ) = 1, p(^b[) = p{^b' 2 ) = 0- We 
can construct also the second and third 'state measurement' in the same space, and with the same state. 
It gives p{\ A ' x ) = p(AbJ = 1, p\ A ' 2 ) = P{^B 2 ) = 0. 

Proceeding in this way, we can propose an alternative quantum model where we use the product state 
p' , represented by |1, 0,0,0), and the product measurements eAB', ^A'B and eA'B'i all represented by the 
canonical ON basis in C 4 . Only eAB is entangled in this construction and corresponds to the ON set 

\p' 1 ) = |0,1,0,0) b / 2 ) = |V0^e ia ,0,0,V^5e^) (16) 

\p' 3 ) = \^/0Ie ia , 0, 0, - V0le il3 ) \p' 4 ) = |0, 0, 1, 0) (17) 



as one can verify at once. This gives rise to the self-adjoint operators 



S'AB = AAiBibl)(pi| + ^A l B 2 \P2){P2\ + AA 2 Bib3)(p3| + ^A 2 B 2 \Pa) {Pa\ 

0.5(Aa iBi + Aa 2Bi ) 0.5e i ( a -^(X Al B 2 -XA 2 B 1 ) 

X AlBl 

Xa 2 b 2 

0.be-^-P\X AlB . 2 - X A2Bl ) 0.5{X AlB2 + X A2Bl ) 



(18) 
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(20) 



As usual, if we measure expectation values, i.e. the outcomes are all either +1 or —1, and insert them into 
Eqs. ([I5 ]) -(|20 p . we can directly calculate the expectation values in the state p' . We find 



(p'\£'ab> + £ ' a'b + £' A'B 1 - £'ab\p') = 4 



(21) 



as expected. 

An analogous construction can be worked out for the state of the vessels with non-transparent water. 
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